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ABSTRACT 
The p r o j e c t  i n i t i a t e d  a s tudy o f  a mathematical model o f  a tunab le  
I T i  :Sappnire so l  i d - s t a t e  l ase r .  
f o r  t h e  purpose o f  i d e n t i f y i n g  design parameters which w i l l  op t im ize  t h e  
system, and serve as a use fu l  p r e d i c t o r  o f  t h e  system's behavior.  
A general inatnematical model was developed 
1 
i 
1 
I 
iii 
TABLE OF CONTENTS 
Page 
iii 
1 
2 
8 
16 
24 
27 
27 
27 
-
ABSTRACT .......................................................... 
INTRODUCTION ...................................................... 
THE RATE EQUATIONS ................................................ 
QUALITATIVE ANALYSIS OF THE EQUATIONS ............................. 
NUMERICAL ANALYSIS ................................................ 
SUMMARY AND CONCLUSION ............................................ 
ADDENDUM .......................................................... 
ACKNOWLEDGMENTS ................................................... 
REFERENCES.... .................................................... 
LIST  OF TABLES 
Page -Table 
1 Numerical values o f  t h e  parameters used i n  these 
c a l c u l a t i o n s .  
i n  References 5 and 6.... ................................... Values come f rom measurements repo r ted  17 
L I S T  OF FIGURES I 
F igu re  Page 
1 Energy l e v e l  d i  agram f o r  t h e  model f o u r  l e v e l  1 aser . 
Only those non- rad ia t i ve  t r a n s i t i o n  t o  o r  f ro in  t h e  l a s i n g  
l e v e l s  are shown i n  t h i s  f i g u r e  ............................. 3 
2 Computed curves showing t h e  evo lu t i on  o f  t h e  i n v e r t e d  
popu la t i on  d e n s i t y  and t h e  photon d e n s i t y  f o r  an end-punped 
l a s e r .  Both d e n s i t i e s  are normalized t o  t h e  d e n s i t y  o f  
dopant ions  i n  t h e  l a s e r  heads ............................. 19 
3 Curves showing t h e  e f f e c t  of inc reas ing  t h e  i n t e n s i t y  o f  t h e  
p m p  beam. 
pump i n t e n s i t y  .............................................. The s t reng th  o f  t h e  output  pu l se  increases w i t h  21  
4 Extreme values o f  pump energy computed us ing  a backward 
d i f f e r e n c e  a lgor i thm on t n e  CYBER CY 173.. . . ............... 
S t i f f e n i n g  o f  t he  equat ions w i t h  i nc reas ing  pump energy 
d i sp layed  i n  terms of t h e  nunber o f  d e r i v a t i v e  eva lua t i ons  
requ i red  i n  the  Rhnge-Kutta-Fehlberg a lgo r i t hm .............. 
5 
22 
23 
i v  
TABLE OF CONTENTS - continued 
LIST OF FIGURES - continued 
I 
F i gure Page -
6 The ef fec ts  of increasing the intensity o f  the injection 
signal i s  t o  i n i t i a t e  the laser  pulse a t  e a r l i e r  t i nes  and 
t o  narrow the pulse shape ................................... 25 
7 Inversion and photon densi t ies  i l l u s t r a t i n g  relaxation 
osci 1 la t ions oefore s table  so lu t ion  i s  reacned. Individual 
curves are combined together i n  a phase po r t r a i t  ............ 26 
t 
V 
MATHEMATICAL MODELIN6 OF A 1I:SAPPHIRE SOLID-STATE LASER 
BY 
John J. Swet i ts*  
INTRODUCTION 
Recent ly,  severa l  new exper imental  techniques i n v o l v i n g  t h e  t r a n s i e n t  
behav io r  of s o l i d  s t a t e  l a s e r s  have been developed t o  c o n t r o l  t h e  f requency 
and shape o f  a l a s e r  beam (1-4) .  Among these i s  i n j e c t i o n  seeding, a tech-  
n ique which r e l i e s  upon p r e c i s e  t i m i n g  between t h e  punping beam, t n e  i n j e c -  
t i o n  beam and the  onset o f  l a s i n g  act ion.  I t s  e f f e c t i v e  use r e q u i r e s  accu- 
r a t e  understanding o f  t h e  temporal development o f  t h e  l a s e r  dynamical v a r i -  
ables.  It f o l l o w s  t h a t  t h e r e  i s  a need t o  reexamine t h e  t r a n s i e n t  behavior  
o f  t he  l a s e r  under t h e  c o n d i t i o n s  which p r e v a i l  i n  t h i s  s i t u a t i o n .  I n  o rder  
t o  s tudy t h e  use o f  i n j e c t i o n  seeding and o ther  s i m i l a r  techniques, we have 
developed a model o f  t n e  dynamical process i n  a f o u r - l e v e l  s o l i d - s t a t e  Ids-  
I e r .  The ana lys i s  was developed f o r  the Titanium-doped Sapphire system, b u t  
i t  i s  o f  a general  character ,  and can be a p p l i e d  b r o a d l y  d i t n  minor  i noa i f i -  
c a t i o n  t o  any system. 
I n  s o l i d - s t a t e  l a s e r s  t h e  o p t i c a l l y  a c t i v e  i o n s  a re  f i x e d  i n  p lace  
w i t h i n  a t ransparent  host .  I n  Ti:Sapphire, t h e  T i 3 +  i o n  s u b s t i t u t e s  f o r  t h e  
A13+ i o n  i n  A1 0 t o  a concen t ra t i on  of about 1%. Because of a s t rong  coup- 
l i n g  between t h e  a c t i v e  i o n  and t h e  host l a t t i c e  t h e  absorp t ion  and emission 
2 3  
l i n e s  are broadened and t h e  m a t e r i a l  can l a s e  a t  over a range o f  wave- 
lengths .  If l e f t  runn ing  f r e e l y ,  t h e  l a s e r  w i l l  opera te  a t  a wavelength 
near t o  t h e  peak o f  t he  emission cross-sect ion.  
s i g n a l  t h e  l a s e r  can be made t o  l a s e  a t  a d i f f e r e n t  wavelength. 
s o l i d - s t a t e  l a s e r  m a t e r i a l  i s  formed i n t o  a c y l i n d r i c a l  r o d  w i th  i t s  a x i s  
By i n t r o d u c i n g  an i n j e c t i o n  
The 
*Professor, Department o f  Mathematical Sciences, Old Dominion U n i v e r s i t y ,  
Nor fo l k ,  V i r g i n i a  23508. 
c o i n c i d e n t  w i t h  t h e  o p t i c a l  a x i s  o f  a Fabry-Perot c a v i t y .  
presumed t o  be pumped a x i a l l y  b y  another l a s e r  a t  t h e  pumping wavelength 
a l though t h i s  mode o f  punping i s  n o t  c r i t i c a l  t o  t h e  model. I n  add i t i on ,  an 
i n j e c t i o n  s igna l ,  a t  t h e  des i red  l as ing  wavelength, i s  i n j e c t e d  a x i a l l y  i n t o  
t h e  mater i a1 . 
Th is  r o d  i s  
The model descr ibes t h e  t ime  e v o l u t i o n  o f  t h e  occupancy o f  t h e  
e l e c t r o n i c  l e v e l s  and o f  t he  l a s i n g  photon f l u x  concen t ra t i on  w i t h i n  t h e  
c a v i t y .  
measurement; t h e  e f f e c t s  o f  t he  few q u a n t i t i e s  which cannot be d i r e c t l y  
measured a re  s tud ied  pa ramet r i ca l l y .  The main Gurpose o f  t h i s  e f f o r t  i s  t o  
understand t h e  temporal c h a r a c t e r i s t i c s  o f  i n j e c t i o n  seeding on s o l i d - s t a t e  
l a s e r s  and so t h e  model avoids some compl ica t ions  o f  l a s e r  ope ra t i on  vJnicn 
Most o f  t h e  parameters used i n  t h e  model can be  ob ta ined by  d i r e c t  
are no t  e s s e n t i a l  t o  t h i s  o b j e c t i v e .  For example, i t  t r e a t s  a s i n g l e  l a s i n g  
wavelength w i t h  a narrow bandwidth. I t ' a l s o  does n o t  d i r e c t l y  t r e a t  t h e  
s p a t i a l  d i s t r i b u t i o n  o f  e x c i t a t i o n  i n  the  rod, b u t  cons iders  t h e  s p a t i a l  
average over  t h e  r o d  as a whole. 
I n  t h e  nex t  sect ion,  t h e  bas i c  system of equat ions f o r  t h e  e l e c t r o n  and 
photon popu la t ions  are in t roduced and pu t  i n t o  t h e  form f i n a l l y  used. 
Fo l l ow ing  tha t ,  t h e  q u a n t i t a t i v e  p r o p e r t i e s  of the  s o l u t i o n s  t o  t h i s  system 
i s  der ived.  
bounds on t n e  popu la t i on  i n v e r s i o n  are obtained. 
a n a l y s i s  o f  the. system i s  descr ibed and s o l u t i o n s  obtained. 
The system i s  proven t o  be a s y m p t o t i c a l l y  s t a b l e  and general  
A f t e r  t h a t  a nuner i ca l  
THE RATE EQUATIONS 
The emission and absorp t ion  spectra o f  Ti3+:A120j (5-6)  a re  t h e  b a s i s  
f o r  an i d e a l i z e d  f o u r - l e v e l  model o f  the l a s i n g  a c t i o n  o f  T i t a n i u n  i n  
Sapphire shown i n  F ig .  1. 
2 
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1 
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Figure 1. Energy level diagram for the model fou r  level laser .  
Only those non-radiative t ransi t ion t o  or from the 
lasing levels are shown i n  t h i s  f igure.  
3 
I 
The r a t e  equat ions g i v i n g  the  time dependence o f  t h e  popu la t i on  
dens i t i es ,  n i ( t ) ,  f o r  each of t h e  e l e c t r o n i c  l e v e l s  f o r  t h i s  system a re  
g iven below. 
dn3 - n3 
'03 "0 - - -- 
T3 d t  
n 
g1 2 
dt T32 92 T2 
dn n 
(n2 - - -  n1) a4v - - 2 -  3 - - - -  
n 
2 - (n2 - - 9 1  "1) a4v - - 1 .  dnl n n - -  - 3  - + -
dt T31 T21  92 
(3 )  
t h  In these equat ions 'ci i s  t h e  l i f e t i m e  f o r  t h e  i e l e c t r o n i c  l e v e l ,  
w h i l e  T~~ 
These r a t e s  a re  r e l a t e d  by  r e c i p r o c a l  sum r u l e  
i s  t h e  r a t e  f o r  t n e  t r a n s i t i o n  from l e v e l  i t o  l e v e l  j .  
1 eve 
S i  
cons 
Wo3(t) i s  t he  pumping r a t e  g i v i n g  t h e  number of photons per  second pumped t o  
3 f rom the  ground s ta te .  The degeneracy o f  t h e  ith e l e c t r o n  l e v e l  i s  
The popu la t i on  dens i t i es ,  ni, f o r  each o f  t h e  l a s e r  l e v e l s  a r e  
r a i n e d  by  t h e  r e l a t i o n  
= n t n  +n +n 
TOTAL 0 1 2 3' n ( 4  
4 
i s  t h e  dopant concentrat ion.  The photon concen t ra t i on  
TOTAL wnere n 
(number o f  pnotons per  crn ) w i t h i n  tne  l a s i n g  [ l ied im i s  represented by $ ( A ) ,  
t h e  emission c ross-sec t ion  b y  (J and the speed o f  l i g h t  i n  t h e  c r y s t a l  b y  v. 
The r a t e  o f  change of' t h e  pnoton concent ra t ion  i s  g i ven  PY t h e  f o l l o w i n g  
expression: 
3 
Here 'cC i s  t h e  c a v i t y  l i f e t i m e  and i t  represents  t h e  l o s s  o f  photons f rom 
a l l  mechanisms i n  t h e  c a v i t y ;  S i s  the c o n t r i b u t i o n  t o  t h e  photon f l u x  i n  
t h e  l a s e r  beam coming from t h e  spontaneous emission o f  e x c i t e d  atoms. 
P 
It i s  
S PO expressed as a f r a c t i o n  Spo of the  t o t a l  f luorescence decay ra te ,  T ~ ~ .  
t h e  f luorescence depends bo th  on t he  geometry o f  t h e  laser  c a v i t y  and o 
spectrum o f  t n e  l a s i n g  ion.  
We can simp1 i f y  these equat ions somewhat d i t h o u t  
F i r s t ,  we assume t h a t  t h e  non- rad ia t i ve  decay from t h e  
i 
os ing  g e n e r a l i t y .  
pumped l e v e l  t o  t h e  
Then, i n t e g r a t i n g  upper l a s i n g  l e v e l  i s  f a s t ,  T >> a l l  o ther  t ime  scales.  
t h e  r a t e  equat ion fur  n w i t h  t h i s  assumption, we o b t a i n  
3 
3 
so t h a t  n3 can be rep laced b y  t h i s  expression i n  t h e  subsequent equat ions.  
Th is  c o n d i t i o n  i s  equ iva len t  t o  assuming t h a t  dn3/dt=0. 
assume t h a t  t h e  dominant decay path from l e v e l  3 i s  t h e  non- rad ia t i ve  decay 
t o  l e v e l  2, t h a t  i s  ~ 3 2  < C T ~ ~  and T In t h i s  case t n e  
punped photons are  t r a n s f e r r e d  t o  t h e  upper l a s e r  l e v e l  a t  a r a t e  
Furthermore, we 
so t h a t  T ~ ~ T ~ ~ .  30 ' 
5 
and n3/T3= 0. 
electrons stay i n  their pumped level 
Furthermore, i f  n <<n. f o r  i = 0, 1, or 2,  so t h a t  n o t  many 3 1  
= n + n  t n + n  = n + n  + n o  
TOTAL 0 1 2 3 0 2 2 n 
Now the decay from level 2 has bo th  radiative and non-radiative 
contributions w n i c h  are re la ted  by 
= T f l - l + T N R  -1 
T2 0 (6 j 
With these assumptions the rate equations for the electron concentrations 
b ecome : 
1 - -  - + ( n 2  - - "1) U ~ V  - - 
n 
g1 dnl - 2 
d t  T f l  92 
n 
n TOTAL = no + n 2  ( 9 )  
Equations (5), (7), (8) and ( 9 )  form the basis o f  t h , ;  mode . We reorganize 
t n e m  s l i g n t l y .  
populations, nl and n 
First, we introduce new variables replacing the laser level 
and w i t h  the p o p u l a t i o n  inversion n = n - ( g  / g  )n 2' 2 2 1 1 '  
6 
n1, t h e  lower l a s e r  l e v e l  populat ion.  
t h e  photon concen t ra t i on  t o  t n e  t o t a l  c o c e n t r a t i o n  o f  ions, “()TAL 
Next we sca le  tnese new v a r i a b l e s  and 
= “/“TOTAL, 
Y = n i / n ~ ~ ~ ~ ~ ,  and 
z = 4/nTOTAL 
F i n a l l y ,  we scale t h e  t ime va r iab le  t o  t h e  t ime  i n t e r v a l ,  T,,,, taken 
here t o  be one nanosecond. 
assune t h e  form 
With these changes t h e  l a s e r  dynamic equat ions 
= cv + a ( - v )  ( X Z )  + ( W p ( l - x -yy )+  
1 0 
I n  t h i s  expression, v i s  a vec to r  w i t h  components equal t o  the  t h r e e  
normal ized concent ra t ions  (x,y,z). 
p a r t  o f  t h e  d i f f e r e n t i a l  equat ion has components g iven below. 
The m a t r i x  C rep resen t ing  t n e  1 i nea r  
= o  1 Y - 1  1 Y - 1  1 = - (-+ -1 
T2 ‘fa. 
c12 = (1-y) [ -+  - -  -1 
‘fa. ‘1 
~ 1 3  51  
1 
fa. 
c =  - ‘ 21 
Y - 1  1 - - - - -  
c22 
ff. ‘1 
c23 = 0 
- 1 c32 - - - 
T 
C 
7 
The second term has t h e  n o n - l i n e a r i t y  o f  t h e  system as t h e  product  of t h e  
p o p u l a t i o n  i n v e r s i o n  and photon concentrat ion.  The s t r e n g t h  o f  t h i s  non- 
l i n e a r i t y  i s  g iven by t h e  parameter. 
P h y s i c a l l y  t h i s  q u a n t i t y  represents  the number o f  ions  seen by a photon i n  
t i m e  T The parameter y=1+g2/g1 i s  r e l a t e d  t o  t n e  m u l t i p l i c i t i e s  of t h e  
e l e c t r o n i c  s t a t e s  g2; f o r  Ti taniun:Sapphire y=5/3 .  I n  t h i s  l a s t  form of t h e  
equat ions we have in t roduced t h e  p o s s i b i l i t y  o f  s t i m u l a t i n g  emission w i t h  an 
i n j e c t  i o n  beam I ( t )  . 
N '  
The n o t  a t  i o n  (1-x-yy) + means 
1-x-yy i f  l -x- ry>O 
(l-X-YY)+ = 0 , i f  l -x -yy< 0 
QUALITATIVE ANALYSIS OF THE EQUATIONS 
The purpose o f  t h i s  s e c t i o n  i s  t o  e s t a b l i s h  a number o f  q u a l i t a t i v e  
p r o p e r t i e s  o f  t h e  s o l u t i o n s  t o  t h e  system [lo]. 
parameters s a t i s f y  
We assune t n e  p h y s i c a l  
0 < T I  <<T1<TfR 
0 < spo 
Theorem: I f  W ( t ) ,  I ( t )  are p o s i t i v e ,  cont inuous and i n t e g r a b l e  on 
P 
8 
[O,+=) and i f  x(d)>O, y (0)  >O, z(O)>c) t hen  
( i )  x ( t )  >O, y(t)>O, z ( t ) > O  f o r  a l l  t; 
( i i )  x ( t ) ,  y ( t ) ,  z ( t )  are i n t e g r a b l e  on (0, + =); 
( i i i )  The system (10) i s  asympto t i ca l l y  s tao le;  
( i v )  If x(O)+yy(o) <1, t hen  x ( t ) + y y ( t ) < l  f o r  a l l  t; and 
( v )  If x(O)+yy(o) >1, then there e x i t s  T 
such t h a t  x ( t ) + y y ( t ) < l  f o r  a l l  t > T. 
Proof :  We e s t a b l i s h  t h e  p a r t s  o f  t h e  theroem i n  t h e  order  ( i v ) ,  ( v ) ,  ( i )  , 
( i i ) ,  ( i i i ) .  
( v i )  Since x(O)+yy(O)<l, then, by c o n t i n u i t y ,  x ( t ) + y y ( t ) < l  f o r  t c l o s e  
t o  0. Suppose x ( T ) + ~ y ( T ) = l  and x ( t ) + y y ( t ) < l  f o r  t < T .  Then, a t  
t=T, 
Since clI+yc 
both are zero, we would have 
<O and C12 + y C <O, then, i f  x(T)  > 0 and y (T)>O and n o t  2 1  22 
a t  t=T which would c o n t r a d i c t  x ( t ) + v y ( t )  <1 f o r  t < T .  
n o t  bo th  x(T) and y ( T )  are zero. 
Since x (T)+yy(T)= l ,  
Suppose y(T)<O. Since y(O)>O, there e x i s t s  T <T such t h a t  y(Tl)= 0 1 
1' and y ( t )>O f o r  O<t<T1. Then, a t  t = T  
9 
c21 x + axz = ( C ~ ~ + ~ Z ) X .  - =  dY 
d t  
Suppose x(T1) < 0 and c21 + az(T1) >O. 
t h a t  x (T2)  = 0 and x ( t )  > 0 f o r  0 < t < T 
dx 
d t  
Then the re  e x i s t s  T2< T1 such 
T2 Then a t  t = 2 '  
- -  - C12YU2) + Wp(T2) ( l -YY(T2) )  
s ince  c 
Hence x increases t o  t h e  r i g h t  o f  T 
f o r  0 t < T So x(T1) > 0. 
> 0, y(T2) > 0, Wp(T2) > 0 and 1 - y y ( t 2 )  > 0. 12 
It fo l l ows  t h a t  x cannot be negat ive  2 '  
1' 
Now suppose c + az(T1) < 0. Since c > 0, a > 0, then z(T1) < 0. 
21  2 1  
So t h e r e  e x i s t s  T < T1 such t h a t  z(T3) = 0 and z ( t )  > 0 f o r  0 < t < T3. 3 
T3' Then, a t  t = 
s ince  I ( T  ) > 0 and a l l  o ther  q u a n t i t i e s  are non-negative. 
inc reases  t o  t h e  r i g h t  o f  T3. 
Hence z 
3 
So i t  f o l l o w s  t h a t  z(T1) > 0. 
Now suppose x(T ) = 0 so t h a t  1 
- -  dy - 0 a t  t = TI. Then, a t  t = T1, 
d t  
dx 
d t  
- -  - Wp(T1) > 0. 
T1' A d d i t i o n a l l y ,  a t  t = 
10 
dx dY dx dz 
dt d t  d t  + cZ2 dt+ a ( z  - +  x -) -- d2Y - C d t 2  
= c W (T1) + az(T ) W  (T ) > Q  
2 1  P 1 P l  
s ince  cZ1 >O, W (1 )>O, a>O and z(T1>O. 
of T1. It now f o l l o w s  t h a t  y (T)  >O. 
Thus y increases t o  t h e  r i g h t  of 
P 1  
Now suppose x(T)<O. Choose T1 < T such t h a t  x(T1) = 0 and x ( t ) > O  f o r  
O>t>T1. Then, a t  t=T1, 
s ince  y (T  )>O, c >O, W (T )>0 and l-vy(T1)>O. 
r i g h t  o f  T1. 
Hence x increases t o  t h e  
1 21  P 1  
It f o l l o w s  t h a t  x (T)>O. 
Since a t  l e a s t  one o f  x ( T ) ,  y(T) i s  s t r i c t l y  positive, t hen  a t  t = T ,  
d 
d t  
- (x+yy) a. 
So x+yy i s  decreasiny a t  t=T wnich c o n t r a d i c t s  x+yy<l f o r  t < T .  
x ( t ) v y ( t )  <1 fo r  a l l  t. 
Tnus 
( v )  The p roo f  o f  ( i v )  snows t n a t  i f  x(O)+yy(U)=l, t nen  x ( t ) + y y ( t ) < l  
f o r  a l l  t >O. 
Suppose x (o)+yy(o)> l .  Then, for t c l o s e  t o  0, 
by an argument s i m i l a r  t o  t h a t  g iven  i n  ( i ) .  
c l o s e  t o  0. 
Thus x+yy i s  decreasing f o r  t 
Suppose t h e r e  e x i s t s  X >1 sucn tna t  x+yy>)C)l f o r  a l l  t. Then 
li 
It f o l l o w s  t h a t  
& x ( t ) + y y ( t )  = - = 
which c o n t r a d i c t s  x +yy>A >1 f o r  a l l  t. 
Thus t h e r e  e x i s t s  T such t n a t  x(T) +yy(T)= l  and x ( t ) + y y ( t ) < l  f o r  t 
c l o s e  t o  T. 
a l l  t > T .  
( i )  
The ana lys i s  i n  ( i )  now appl ies t o  show t h a t  x ( t ) + y y ( t ) < l  f o r  
The arguments i n  ( i v )  show t h a t  x,y, are non-negat ive on an 
i n t e r v a l  where x+yy<l. Hence, i f  x(O)+yy(O) (1, then x, y, are 
non-negat ive f o r  a l l  t. 
Choose T1<T such t h a t  z(T1)=O. 
Suppose t h e r e  e x i s t s  T such t h a t  z(T)<O. 
1’ Then, a t  t = T  
s ince  c >O, c. >O,x>O,y>O and I(T1)>O. 
Hence z increases t o  t h e  r i g h t  o f  T 
z ( t )>O f o r  a l l  t. 
To complete t h e  p i c t u r e ,  suppose x(O)+yy(d)>l. Choose T such t h a t  
3 1  32 
c o n t r a d i c t i n g  z(T)<O. Thus, 1 
12 
x (T )+yy (T )= l  and x ( t ) + y y ( t ) > l  f o r  O<t<T .  
x ( t ) > O  f o r  Bt<T1.  
Then suppose x(T1)=O, T1<T, and 
1' Then a t  t=T 
dx 
d t  
- = c12y. 
Since cl2>0 and y(T )>O, x increases t o  t h e  r i g h t  o f  T 
t. 
Hence x>O f o r  a l l  1 1' 
Now suppose y(T2)=0, T2<T and y ( t ) > d  f o r  0 < t <T2. A t  t = T2, 
- CZ1 X + ax2 - -  dY 
d t  
Again cZ1 >0, x>O and z>O. 
f o r  a l l  t. 
So y increases t o  t h e  r i g h t  o f  T Hence y>,O 2' 
( i i )  F i x  T so t h a t  x ( t ) + y y ( t ) < l  f o r  t > T .  Then 
13 
Hence, l e t t i n g  
we have 
Thus, 
It f o l l o w s  t h a t  
Hence 
O</ ( x ( t ) +y y ( t ) )d t </ f K ( t , r ) d t . 
Note t h a t ,  s ince  W > 0, 
P 
Thus 
14 
+ 
L + J 
c +yc 1 11 2 1  J 
<O and W i s  i n teg rab le  on [O,+=], i t  f o l l o w s  t h a t  x+yy i s  
11 + y c 2 1  P 
Since c 
i n t e g r a b l e  on LO,+=]. Consequently both x and y are  i n t e g r a b l e  s ince  each 
i s  non-negative. 
To see t h a t  z i s  i n teg rab le ,  note t h a t  
Using t h e  f a c t  t h a t  x, y, I are non-negative and in teg rab le ,  an argument 
S i m i l a r  t o  t h e  one above shows t h a t  z i s  i n teg rab le .  
0' 
( i i i )  L e t  KO, Yo, Z so lve  t h e  system (10). Le t  x=X+ X 
y=Y+yo, z=Z+z . 
oDta in  t h e  system 
Assuming xo(0)+yyo(O) <1 and x(O)+yy(O)<l ,  we 0 
15 
( c1 1 -aY zo-wp 1 x,+( c 12 -Y Up 1 ,y dX 
d t  
- dY = ( ~ ~ ~ + d ~ ) ~ + C ~ ~ a x Z ~ + a ~ Z  
d t  
dZ 
d t  
- =  
-ayx Z-ayXZ 
0 -  
- = ( c ~ ~ + c L Z ~ ~ ~ + C ~ ~ ~ + ( C ~ ~ + ~ X ~ ) Z + ~ _ X Z  
I w i t h  X=O=Y=Z as a so lu t i on .  - -  
I The 1 i nea r  system 
dX 
d t  
- 
I 
~ 
- 
- - c11 !! + 5 2 1  
- -  dZ - c x + c Y c33z 
31- 32- d t  
i s  asympto t i ca l l y  s t a b l e  s ince  a l l  eigenvalues o f  t h e  c o e f f i c i e n t  m a t r i x  
have negat ive  r e a l  par ts .  
z W are non-negative and in teg rab le ,  i t  f o l l o w s  f rom 0’  yos 0’  p - - S ince  x 
Theorem 4.4 o f  [7] t h a t  X=O=Y=Z 
non-1 i n e a r  system. 
i s  an a s y n p t o t i c a l l y  s t a b l e  s o l u t i o n  o f  t n e  - -  
NUMERICAL ANALYSIS 
I n  t h i s  sect ion,  we d iscuss t h e  numerical s o l u t i o n  t o  equat ions ( 5 ) ’  
( 7 ) ’  (8)  and (9 )  sub jec t  t o  t h e  quiescent i n i t i a l  cond i t i ons .  
The equat ions were solved numer ica l l y  on a DEC VAX 11/750 us ing  a 
Runge-Kutta-Fehlberg (RKF) a lgo r i t hm [8) and a l so  on a CYBEK CY173 us ing  a 
backward d i f f e r e n c e  method) [SI. The t ime i n t e r v a l  over which t h e  s o l u t i o n s  
were computed was from 0 t o  200 ns. 
used i n  t h e  examples are g iven i n  Table 1. We were i n t e r e s t e d  i n  t h e  
q u a l i t a t i v e  behavior  o f  t h e  nuner i ca l  s o l u t i o n s  f o r  va r ious  punping r a t e s  
Ma te r ia l  parameters f o r  T i :Sapphi re 
16 
I 
I 
Table 1. Numerical values of  the parameters used i n  these I calculations. 
in Refs. 5 and 6. 
Values come from measurements reported 
PARAMETERS 
0 2 2  
0 1 3  
SIGMA3.OE-19 c w  
INDEX OF REFRACT ION=I .76 
NTOTAL=I .OE18 
TAUFIA8Wns 
TAUl=l .Om 
TAUE16.5rs 
TAU2=3000rrs 
17 
and injection strengths as well as t h e  efficiency of tne nunerical 
procedures. 
In  the  examples described here the punp and injection signals vJere oo tn  
assumed t o  be Gaussian beams given by 
W ( t )=  W f ( t , t  T ) and 
P P’ P 
I ( t )  = I f ( t , t l , T 2 )  where 
1 / 2  2 
f ( t , t o , T ) = 2 ( l n 2 / a )  exp(-ln2( (t-to)/.5*r) ) 
w i t h  t =30 ns, T =10 ns, t =60 ns, and t =20ns. The values o f  W and I were 
varied. Increased values o f  W and I correspond t o  increases i n  the energies 
deliverea ~y the punp and injection sources, respectively. 
For re la t ive ly  low values of W ,  the RKF algorithm was used t o  compute 
the  solutions.  All of the computations were done in douole precision. In 
the examples, an error  tolerance o f  10 
behavior of the solutions was preserved for tolerances as large as 10 
Figure 2 shows a typical r e su l t  o f  t h e  computation. 
P P 1 2 
-8 was used, b u t  the qua l i ta t ive  
-5 
The normalized population inversion and photon density are plotted as a 
function of time for  a system i n  which the pumping r a t e  kl has the value .01 
ns and I has the value 0, i.e., no injection signal i s  present. 
I n i t i a l l y ,  the number of ions i n  the upper energy levels and the photon 
density i n  the  rnediun i s  zero. 
inversion increases, following the leading edge of the pump pulse, u n t i l  i t  
h a s  aosorbed the photons in the pump beam and i t  levels o f f .  
-1 
A t  t = O ,  t he  punp i s  turned on and population 
Dur ing  tnis  
18 
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time the photon density has been increasing s teadi ly  ( b u t  not vis ibly on the 
graph). 
the r a t e  equations. 
(v+) becomes comparable t o  the linear terms and i t  begins t o  dominate the 
dynamics. 
accompanied by a corresponding decrease i n  the population density. 
l a t t e r  excnange of pho tons  fo r  excited s t a t e s  oy stinulated emission forms 
the shape of the laser pulse. 
The dynamics u p  t o  t h i s  point are dominated by the 1 inear part of 
Tne pnoton density increases until  tne non-linear term 
When th i s  occurs there i s  a rapid increase i n  the pnoton density 
This 
We varied the pumping r a t e  W from .01 ns" t o  1.0 ns'l by orders of  
magnitude. 
e a r l i e r  stimulated emission will occur and the stronger i t  will be. 
I t  i s  evident from F i g .  3 t ha t  the laryer the punpiny r a t e ,  the 
The RKF 
algorithm was found t o  perform 
requiring only 822 evaluations 
r a t e  was increased, the number 
w i t h  1944 and 6612 evaluations 
-1 very e f f ic ien t ly  i n  the case where W=.Ol ns 
of the derivatives.  However, as the  pump 
of derivative evaluations became much 1 arger, 
needed when W=.l ns and W = l . O  ns , -1 -1 
respectively.  
r a t e  is shown i n  Figure 5. 
The  growth of the nunber of derivative evaluations w i t h  pump 
For large values of W ,  t h e  RKF algorithm fa i l ed  t o  compute the solu-  
t ions over the en t i r e  time interval in a reasonable number of i t e ra t ions .  W 
was se t  t o  500 ns'l and the  HKF procedure required i n  excess of 67,OOu 
derivative evaluations to  compute the solutions from 0 t o  44 ns. 
backward difference method, the solutions, shown i n  F i g .  4, were f o u n d  over 
the en t i r e  time interval 0 t o  200 ns b u t  17,000 evaluations of the 
derivatives and 3700 evaluations of  the Jacobean matrix were necessary. 
When the pump ra tes  are h i g h ,  the system of d i f fe ren t ia l  equations becomes 
Using a 
s t i f f ,  resul t ing i n  considerable e f for t  necessary t o  
I n  order t o  examine the effect  of the injection 
compute tne solutions.  
beam on the onset of 
20 
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23 
lasing we systematically varied the strength of the injection pulse. Figure 
6 shows the system w i t h  W held a t  .01 ns-l b u t  varying the value of I from 0 
t o  I=1.0e-06 ns and I=1.0e-04 ns". Clearly, the presence of the 
injection beam speeds up  the onset of stimulated emission. The R K F  
algorithm worked e f f i c i en t ly  i n  these examples, w i t h  each case requiring no 
more than 846 derivative eva uations. 
-1 
T h e  theorem of the  prev ous section demonstrates tha t  this  system o f  
equations is asymptotically s table  and the numerical calculations evidence 
t h i s  sane s t a b i l i t y  fo r  a wide range o f  values of tne punp intensi ty .  The 
non-linearity of the system wi l l  support relaxation osc i l la t ions  a t  the 
onset o f  lasing before the  s tab le  s t a t e  i s  reached. An i l l u s t r a t ion  o f  these 
osc i l la t ions  i s  shown i n  F ig .  7 .  The variations of the inversion and pnoton 
d e n s i t y  are shown i n  separate graphs and also combined together i n  a pnase 
por t ra i t .  
w i  11  appear elsewhere [lo]. 
An extensive study o f  the relaxation osc i l la t ions  of t h i s  system 
SUMMARY AND CONCLUSION 
We have developed a model o f  the dynamics of an end-pumped injection 
seeded, four level laser.  The model was developed i n  order t o  examine the 
ear ly  t ransient  behavior of tunable solid s t a t e  lasers  and the e f fec ts  of 
injection seeding on the t i m i n g  and shape of the o u t p u t  laser  pulse. 
this paper we report on our analysis o f  the quant i ta t ive behavior of 
solution t o  the model and on the quality of the nunerical computation o f  
these solutions. 
In 
de nave demonstrated tne existence of integraDle so lu t ions  t o  tne 
system of equations forming the model provided tha t  the pump and injection 
source functions are suf f ic ien t ly  regular and t ha t  tne i n i t i a l  conditions 
24 
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are  p h y s i c a l l y  r e a l i z a b l e .  
asympto t i ca l l y  s t a b l e  and e s t a b l i s h  bounds on them. 
Furthermore, we show t h a t  these s o l u t i o n s  are 
The equat ions were so lved n u n e r i c a l l y  and t h e  s e n s i t i v i t y  o f  t h e  
numerical  c a l c u l a t i o n s  t o  i npu t  parameter values was s tud ied.  A general 
tendency toward s t i f f e n i n g  o f  t h e  system w i th  i nc reas ing  punp energy was 
noted. 
es tab l i shed.  
The v a l i d i t y  o f  t h e  model i n  the a n t i c i p a t e d  opera t i ng  regime was 
ADDENDUM 
The m a t e r i a l  i n  t h i s  r e p o r t  i s  p resen t l y  be ing prepared f o r  submission 
t o  t h e  j o u r n a l ,  Mathematical Modeling . 
and L. F. Roberts. 
Co-authors are A. M. B u o n c r i s t i  ani  
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